Dynamics maintaining diversity of cell types in a multi-cellular system are studied in relationship with the plasticity of cellular states. First, we introduce a new theoretical framework, reaction-diffusion system on 'chemical species space' to model intra-cellular chemical reaction dynamics. Then, by considering the cell division and death of such cells, developmental process from a single cell is studied. Cell differentiation process is found to occur through instability in transient dynamics and cell-cell interaction. In a long time behavior, extinction of multiple cells is repeated, which leads to itinerancy over successive quasi-stable multi-cellular states consisting of different types of cells. By defining the plasticity of a cellular state, it is shown that the plasticity of cells decreases before the large extinction, from which diversity and plasticity are recovered. After this switching, decrease of plasticity again occurs, leading to the next extinction of multiple cells. This cycle is repeated. Relevance of our results to the development, evolution is briefly discussed.
Introduction
In multi-cellular organisms, developmental process from a single cell or few homogeneous cells with multi-potency leads to an organism that consists of various cell types. Furthermore, in some multi-cellular organisms such as insects, the developmental process is generally accompanied by metamorphosis. There, several multi-cellular states are realized, which form quasi-stable distribution of cell types. In the event of metamorphosis, both the number of cells and the number of cell types decrease drastically, and then a different multi-cellular state is realized. In general, to consider the diversity of tissues in a multi-cellular organism, it is important to study how several stable distributions of different cell types are formed, sustained, or collapsed. What mechanism causes the transition between different quasi-stable states with several cell types? How is it related with the plasticity of cellular states?
As a theoretical framework for developmental process of multi-cellular organisms, "isologous diversification theory" is proposed by Kaneko, Yomo, and Furusawa [9, 10, 3, 4] . In these studies, dynamical systems approach is adopted, to show that robust developmental process with various cell types emerges based on the interplay between intra-cellular dynamics and inter-cellular interactions without finely tuned mechanisms. On the other hand, there are diversity at a tissue level, i.e., different stable distributions consisting of different cell types, in a usual multi-cellular organism. Switches among such quasi-stable multi-cellular states are also important. So far spontaneous formation of switches between several quasi-stable states is not much studied 1 . In this paper, we study the dynamics to maintain the diversity of cell types and the emergence of switches among several quasi-stable multi-cellular states. Here all the cells change their states drastically in each switching accompanied by deaths of multiple cells. To quantify the switching mechanism, we define plasticity of a cellular state, as changeability of the state against external environmental change.
As will be shown, the switching accompanied by multiple cell deaths is tightly related with the loss of plasticity.
As the development progresses, several cell types with low plasticity increase their number, which leads to extinction of multiple cell types, following the lack of chemical resources. Then a drastic change in environment is caused by the extinction, which leads to a large change of internal states of all the surviving cells. Then, different cell types with high plasticity are generated.
From this 'undifferentiated state' as in the initial state, a new cell society with a different set of differentiated cell types is formed. This cycle is repeated.
For the purpose of the present study, we introduce a new modeling framework for internal chemical reaction dynamics, that is reaction-diffusion system on "chemical species space". It can be regarded as an extended version of Boolean network model [12] , so that each variable takes a continuous value. By adopting this modeling, one can correspond the dynamics of chemical concentrations with the fixed expression of genes, which is a common representation for each differentiated cell type. In this sense, the symbolic representation of cell types and differentiation rules are discussed from the dynamics, as is casted as the 5th problem in the open problem of Artificial Life [1] . We then discuss both the stability of realizing cell states and their diversity. We show that the above cycle to increase and decrease diversity and plasticity generally appears in our dynamical systems model.
In the next section, we describe the details of our model. After presenting the behavior of a single cell state in terms of the number of attractors in section III, developmental process is introduced in section IV. The condition to exhibit cell differentiation by cell-cell interaction and 1 In ref [4] , a proto-type of the life cycle of multi-cellular organisms are shown. However, the results are still preliminary.
switching over several quasi-stable cell society is presented. In section V, we propose a feedback process leading to this switching, and confirm the relationship between the switching and the plasticity of total cells. Finally, in section VI, we briefly mention the generality of the present phenomenon and discuss the relevance to the development and evolution.
model
The basic strategy of the modeling follows the previous works [9, 10, 3, 4] . Our model consists of the following three parts:
• intra-cellular chemical reaction network
• cell-cell interaction
• cell division and cell death Now we describe each process. In Fig.1 , we show the schematic representation of our model.
• intra-cellular reaction network
In general, intra-cellular chemical reactions consist of the reactions both of genes and metabolites. Genes are set to be on or off through the interactions between genes and metabolites.
Genes and metabolites both compose reaction networks, while the time scale of reactions among genes are relatively slower than those of metabolites. Intra-cellular chemical reaction dynamics of our model is simply chosen and abstract so that it satisfies basic features described above.
First, we assume a reaction network consisting of many products and resource chemicals similarly as that by genes and metabolites. The concentration of the j-th resources in i-th cell is denoted by u j i (t) , while that of products is denoted by and v j i (t). Here, product chemicals are synthesized autocatalytically by consuming corresponding resource chemicals.
We adopt a variant of Gray-Scott model [5, 14] as this autocatalytic reaction scheme.
2 . In this paper, we mainly present the results of the case where the number of members per each chemical is commonly set to P = 30.
Next we also assume species-exchanging reactions in each of product and resource chemicals, which form two random reaction networks. Each chemical is converted to other chemicals specified in reaction networks in proportion to the concentration difference between them.
Here we adopt the same network for products and resources for simplicity, though it is plausible that these two networks are different from each other. It is noticed, however, that we also investigated models with different networks and obtained qualitatively the same results.
The reaction network is represented by a reaction matrix W (i, j), which takes 1 if there is a reaction from chemical i to chemical j, and 0 otherwise. Here the reaction network is assumed to be symmetrical by considering reversible reaction, that is, if W (i, j) takes 1, then W (j, i) also takes 1. This network matrix is chosen randomly under the constraint of this symmetry while the number of reaction paths per each chemical is kept constant. The rate constant of species-exchanging reaction is set to C in common with all resources, and D in common with all products. Here we assume that C is larger than D, by considering the difference in the time scales between genes and metabolites. These values are fixed throughout the simulation. Then, it is necessary to note that the system of random reaction network of species-exchanging reactions mentioned above is regarded as "diffusion" on random 'chemical species space', and with the reaction between products and resources, the intra-cellular reaction is regarded as a reaction-diffusion system. In that representation, each cell state corresponds to a discrete genetic expression pattern. We can realize multi-attractor states through bifurcations caused by the change of parameter C or D.
Since this model consists of the interacting gene network where all the gene expressions take continuous values, it includes both the concepts of Boolean network model [12] and reactiondiffusion system [16] . Thus, we can discuss both stability of each cell state and diversity of cell states.
Assuming that environmental medium is completely stirred, we can neglect spatial variation • cell division and cell death Each cell gets resource chemicals from the medium and grows by changing them to the product chemicals. When the total amount of product chemicals in a cell becomes twice the original, then the cell is assumed to divide, while if it is less than half the original, then the cell is put to death. In real biological system, cell division occurs after replication of DNA (which has smaller diffusion coefficient and cannot penetrate through the membrane). Hence these assumptions are rather natural. After cell division, each cell volume is set to be half.
In cell division process, each cell is assumed to be divided into two almost equal cells, with some fluctuations. To be concrete, chemical concentration a(a is representation of u, v) is
respectively, where η is uniform random number over
. These fluctuations can give rise to a small variation among cell states, which eventually reaches to cell differentiation.
Accordingly, the concentration change of each chemical species is given by
In the model introduced above, a single cell has many fixed-point attractors, in contrast to the previous studies [9, 10, 3, 4] , where a single cell can take one or a few attractors. The reasons why we adopt the present modeling are as follows. With this parameter setting, we get fixed point attractor for all cases. of attractor number on P is given in Fig.3 .
Multiple attractors
As the number of species P is increased, the number of attractors also increases, while as the number of reaction paths per each chemical increases, the number of attractors decreases. In case of one reaction path per each chemical, the reaction network is decomposed into P/2 pairs consisting of 2 chemicals, and each pair can take 2 states, so that the the number of attractors increases as 2 P/2 . In case of more reaction paths per each chemical, the the number of attractors increases with some power of P , that is larger than 1.
In Boolean network model, the number of attractor also increases with some power for 2 or 3 reaction paths per each chemical, with an exponent smaller than 1. Kauffman suggested that this relatively small number of attractors against the number of all genes suggests the stability of cell types in living systems [12] . We must point out, however, that all the states realized in Boolean network model are attractors of a single cell state. In fact, in real multi-cellular systems, cell states are not necessarily determined by possible stable states only of a single cell. It is often the case that cells take different states realized through cell-cell interaction [6] . It is rather plausible that such cellular states are selected that are stabilized through mutual relationship between intra-cellular dynamics and inter-cellular interaction. Hence we study multi-cellular states in the next section.
Developmental process with cell division and cell death
Now we discuss the change of cellular states under the process of cell division and cell death.
Here the intra-cellular state and the inter-cellular interaction are mutually influenced. By cell-cell interaction, a homogeneous cell society of a single cell attractor may be destabilized, so that novel states may appear. We study such cell differentiation processes here. 
Initial conditions and methods
In this paper, each differentiated cell type is represented as distinctly separated chemical states of cells where each cell type can produce its own type recursively. We study the cell differentiation events with these two representations, by which we can distinguish a variety of cell states correctly.
The condition for cell differentiation
Here we study the frequency dependence of differentiation event on the structure of reaction network. As an index of network structure, we adopt the number of reaction paths per each chemical.
We investigate four cases where the number of reaction paths per each chemical is 1(case (i)), 2(case (ii)), 3(case (iii)), 4(case (iv)) respectively. In each case, we take 100 different reaction networks, by taking a given initial condition. We carry out a simulation up to t = 20000, to check the number of cells that exist exist at the moment, and the number of cell types. Here we note that if cell differentiation does not occur at all, all the cells go to extinction by the lack of resource chemicals. The other parameters and an initial condition are kept at the same values as previous section. The frequency of differentiation event for each case thus obtained is given in Fig.4 .
Differentiation event occurs with highest probability in the case (ii). This is explained as follows:
In the case (i), transient time is shorter and the number of attractors is larger than the case (ii) in general. In each cell, all the chemicals cannot have global correlation among them but differentiate 'selfishly' by each cell, so that cooperative relations among cells to get resources effectively cannot be formed at a level of cell ensemble. As a result, the probability of extinction of all cells is high. On the other hand, in the case (iii) and (iv), transient time is shorter and the number of attractors is smaller than the case (ii) in general. In each cell, all the chemicals have rather strong global correlation among them. Hence it is difficult to amplify the small difference to reach cell differentiation, so that cooperative relations among cells to get resources cannot be well organized.
As a result, the probability of extinction of all cells is again rather high. In the case of 5 or more reaction paths per each chemical, this tendency is observed more clearly. In case (ii), however, transient time is longest and the number of attractors is the second largest. In each cell, all the chemicals can have global correlation among them, and also can form cooperative relations among cells to get resources, so that cells can exist with maintaining cell differentiation for the longest period. Thus, differentiation events occur most probably at this intermediate number of paths.
Long time behavior of coexisting cell group
Next we investigate the long time behavior of cell differentiation process. We adopt the case (ii),
where the differentiation event is realized most clearly. We show an example of temporal evolution that is typically observed. Existing cell types and its population at every 1000 time are plotted in 
As the distance is smaller, the cell type is closer to a specific attractor. Since the plasticity of a cell type is the changeability of the state by the environmental change, the plasticity is smaller as the state is close to a given attractor. We conjecture that the cell plasticity is characterized by the attractor distance, and the differentiation ability decreases as the attractor distance is smaller.
To confirm this conjecture, we have checked the following two relationships. First, the relation between the distance and the frequency of the occurrence of re-differentiation event when the a group of cells that consist only of the single cell type is chosen and is put to a new environment.
The second is the relation between the distance and the degree of temporal fluctuations of each cell state when several cell types co-exist stably for a long term. If there are positive correlations in both cases, then the above conjecture is confirmed. These two relations are given in Fig.6 and Fig.7 , for the data shown in the temporal evolution in Fig.5 .
In Fig.6 , we computed the attractor distances of all cell types that appeared in the temporal evolution, and divide the whole range of these attractor distances by 0.1 bin size, and measured the ratio of the occurrence of re-differentiation event for all the cell types belonging to each bin. (Here the population of each cell type is set to be 80. If the number is much larger, the homogeneous cell ensemble grown from the group goes to extinction by the lack of the resources. On the contrary, if the number is much smaller, then the effect to internal cell states caused by the change of the environment is so large that the difference of cell types cannot be well distinguished. Hence we choose this medium number for cell population.) The result roughly shows sigmoidal function dependence, that is, there is a threshold for the attractor distance below which the corresponding cell type loses the ability of re-differentiation drastically. This result also supports the initial condition dependence of cell differentiation event mentioned previously.
In Fig.7 , we computed the temporal fluctuation of each cell type for two ranges in the temporal evolution, namely, t = 150000 ∼ 250000 and t = 380000 ∼ 480000, where several cell types co- Hence, it is confirmed that the attractor distance introduced above is valid as a measure of plasticity of cell type.
Mechanism for switching through extinction of many cells
Now we discuss the switching with multiple cell deaths in relationship with the loss of plasticity.
Our results are summarized by the following scenario: At each stage of given quasi-stable multicellular states, cell types with different degree of plasticity coexist. Then at each stage, cell types with relatively high plasticity (i.e., larger attractor distance) differentiate to other cell types with lower plasticity, so that the ratio of cell types with lower plasticity increase gradually. Then the sustained relation among cell types to cooperatively use chemical resource chemicals is destroyed, and extinction of many cell types is resulted. With this multiple deaths, drastic change of the composition of environmental resource chemicals is brought about, which is large enough to make re-differentiation of some of surviving cells from the low plasticity state to a new state with high plasticity. Then, including with novel cell types with high plasticity, a novel multi-cellular state is brought about allowing for cooperative use of resources. With this drastic change, a spontaneous switch to novel multi-cellular state is generated.
To verify this scenario, we computed the temporal change of the following four quantities in the temporal evolution of Fig.5 : the average attractor distance for total cells (a), the total diversity of cell types (b), the average recursiveness of cell types over all cells (c), and total number of cell (d).
Here, the average attractor distance is obtained by averaging the attractor distance of each existing cell type with the weight of the population ratio. The average recursiveness is also computed as the average over cells whose division event occurs in each t = 1000 period. They are plotted in Fig.8 , while the population size for each cell type with given attractor distance is plotted in Fig.9, around the switching regime.
In Fig.8 , as the average attractor distance (a) starts to decrease, and the diversity of cell types is decreased, while the recursiveness is increased with strong fluctuations, until the attractor distance and diversity take the plateau with low values, when almost complete recursive production is sustained. After slight decrease of the first two values then, they go up to large values, with the multiple cell deaths and switching. After recovering the high plasticity and diversity, they again decrease to smaller values gradually. This process is repeated at each switching event. The data of Fig.9 also show the accumulation of population to cell types with low plasticity before the extinction, and recovery of the types with high plasticity after it. Although we show only one example here, the qualitatively same behavior is generally observed at each switching in our system. Hence, the scenario mentioned above is quantitatively demonstrated.
Summary and discussion
In this paper, we have studied a dynamical systems model of developmental process, by introducing a new framework, namely, reaction-diffusion system on 'chemical species space' for modeling internal chemical reaction networks. This modeling bridges between the two approaches: One is reaction-diffusion system proposed by Turing [16] and the other is Boolean network model proposed by Kauffman [12] . By further including the developmental process, states with many differentiated cell types are obtained, where the differentiation process to increase the diversity is observed. The condition to realize cell differentiation by cell-cell interaction is obtained. When the number of reaction paths per each chemical is larger than 2, all the chemicals are correlated strongly and the probability of realizing cell differentiation is lower. To the contrary, when the number of reaction paths per each chemical is 1, then all the chemicals cannot correlate enough and the probability of realizing cell differentiation is again lower. Cell differentiation occurs most probably when the number of reaction paths per each chemical is 2, that is, in the intermediate region above two cases. These results can be related with those obtained in the NKCS model by Kauffman [13] .
In the long time behavior, we have found the switching over multi-cellular states that maintain diverse cell types. In each multi-cellular state, diverse cell types coexist to use chemical resources cooperatively, while the switching is characterized by multiple cell deaths arising from the loss of diversity of cell types, and the destruction of the cooperative use of the resources. This switching behavior is first observed in our model.
Then we propose that this switching behavior is characterized by the loss of plasticity of total cells, that is a general consequence of our dynamical systems theory. In each developmental stage, the irreversible loss of plasticity is a general course of the development, i.e., differentiation from a cell type with relatively high plasticity to that with lower plasticity, so that the ratio of cell types with lower plasticity increase gradually. Then the sustained relationship among cell types for cooperative use of resource chemicals is destroyed, which can cause multiple cell deaths. Then, drastic change of the composition of environmental resource chemicals is resulted, which allows for the change of surviving cell types from fixed states with low plasticity to new states with high plasticity. As a results, new multi-cellular state with novel cell types is generated. This process is repeated.
This give a feedback process in a system with many degrees of freedom to maintain the diversity of cell types, as has also been discussed as homeochaos [7, 8] . The plasticity of each cell type in our study corresponds to the mutation rate of each species in the study of homeochaos.
The existence of several quasi-stable multi-cellular states is important to consider the origin of tissues in multi-cellular organisms. In multi-cellular organisms, several tissues coexist that are represented as a different distribution of different cell types, consisting of cells with the same gene set. The switching of the states will be important to study how the life cycle of a multi-cellular organism is formed. In future, the search for a rule of transitions between successive multi-cellular states will be important. The dynamics of metamorphosis will be discussed along the line.
The present results are also relevant to study the evolution. As evolutionary processes, punctuated equilibria [2] are proposed, while extinction events after long quasi-stationary are also discussed. Successive extinction events of many cells may be extended to study evolution through extinctions. Here it is interesting to note that the distribution of the life-time of quasi-stable multi-cellular states in our model follows the power law distribution.
On the other hand, the inclusion of genetic mutations to our model is relevant to study speciation process to multiple species. Indeed, a theory of sympatric speciation with using phenotypic plasticity is recent proposed [11, 15] . In the preliminary studies of our model including genetic mutation process, we have observed sympatric speciation process to form several species, while with this process, the plasticity of each species defined in this paper decreases. Here, the recovery of plasticity of species after extinction of many cells is important to study open-ended evolution.
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